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A B S T R A C T
The thermal residual stresses (TRSs) generated owing to the cooling down from the processing temperature in
layered ceramic systems can lead to crack formation as well as inﬂuence the bending stress distribution and the
strength of the structure. The purpose of this study is to minimize the thermal residual and bending stresses in
dental ceramics to enhance their strength as well as to prevent the structure failure. Analytical parametric
models are developed to evaluate thermal residual stresses in zirconia-porcelain multi-layered and graded discs
and to simulate the piston-on-ring test. To identify optimal designs of zirconia-based dental restorations, a
particle swarm optimizer is also developed. The thickness of each interlayer and compositional distribution are
referred to as design variables. The eﬀect of layers number constituting the interlayer between two based ma-
terials on the performance of graded prosthetic systems is also investigated. The developed methodology is
validated against results available in literature and a ﬁnite element model constructed in the present study.
Three diﬀerent cases are considered to determine the optimal design of graded prosthesis based on minimizing
(a) TRSs; (b) bending stresses; and (c) both TRS and bending stresses. It is demonstrated that each layer thickness
and composition proﬁle have important contributions into the resulting stress ﬁeld and magnitude.
1. Introduction
Zirconia is material of interest to be used as the framework in dental
restorations due to its superior mechanical properties and biocompat-
ibility, enabling the prosthesis to withstand masticating loadings
(Zarone et al., 2011; Denry and Kelly, 2008). As veneer, porcelain is
also the common material of choice owing to its colour matching the
remaining teeth and aesthetic (Fischer et al., 2008). In the production
process of ceramic restoration, porcelain is ﬁred onto the framework at
high temperature. As constituting materials have diﬀerent thermal ex-
pansion coeﬃcients, the process of cooling temperature down to the
room temperature leads to thermal residual stresses within the pros-
thesis (Baldassarri et al., 2011; Choi et al., 2011). On top of that, the
mismatch of elastic characteristics between multi-material prostheses
when subjected to occlusion loadings forms undesired stress ﬁelds
along the corresponding interfaces (Choi et al., 2011; Swain, 2009).
These all can lead to crack formation and propagation, veneer chipping
and eventually catastrophic feature of the prosthesis (Choi et al., 2011;
Swain, 2009; Isgrò et al., 2005; DeHoﬀ and Anusavice, 2009; Tholey
et al., 2011; Benetti et al., 2010; Baldassarri et al., 2012).
Making use of functionally graded materials (FGMs) can bypass
drawbacks associated with the sharp transition from ceramic to por-
celain. A typical FGM is an inhomogeneous composite made of diﬀerent
phases of constituent materials. By gradually varying the material
composition involving constituent materials, the thermal and mechan-
ical behavior of such materials vary smoothly and change continuously
between diﬀerent layers. This advantage eliminates interface problems
of composite materials and the stress distribution becomes smooth. The
inﬂuence of gradient variation of material properties in the FGMs on
thermal residual stresses has been investigated by previous research
studies analytically and numerically (Ravichandran, 1995; Becker et al.,
2000; Koohbor et al., 2015; Birman and Byrd, 2007; Kesler et al., 1998;
Cannillo et al., 2006). The readers interested in the origin and ad-
vancement of functionally graded materials are referred to very com-
prehensive review papers (Suresh and Mortensen, 1997; Mortensen and
Suresh, 1995; Jha et al., 2013; Naebe and Shirvanimoghaddam, 2016).
An interlayer with a gradation of properties between two base mate-
rials, the framework and the interlay, has therefore been used for dental
restorations in order to reduce the mismatches in thermal and me-
chanical properties (Zhang and Kim, 2009, 2010; Y. Zhang et al., 2012;
Chai et al., 2014; Z. Zhang et al., 2012). This solution has resulted in
excellent load-bearing capacity, improved damage resistance and bond
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strength resistance, as a consequent of a reduction in resulting stresses
associated with graded prostheses (Zhang and Kim, 2009; Y. Zhang
et al., 2012; Henriques et al., 2012a, 2012b; Hsueha et al., 2008;
Tsukada et al., 2014; Fabris et al., 2016). Moreover, design parameters
of functionally graded restorations can signiﬁcantly inﬂuence the re-
sulting stress distribution and magnitude (Paul et al., 2016; Chen and
Tong, 2005; Stump et al., 2007; Mohammadiha and Beheshti, 2014;
Fereidoon et al., 2012). It is, therefore, of paramount importance to
develop an optimization algorithm to optimize the thickness of each
layer and the composition proﬁle.
In addition to thermal residual stresses, the ﬂexural strength of
ceramic restorations plays very important role in the performance and
longevity of dental implants. The biaxial ﬂexure tests are commonly
employed to evaluate ﬂexural strengths of dental materials. The asso-
ciated stresses can also mimic multiaxial loading nature existing due to
occlusion forces on restoration (Thompson, 2004; Hsueh et al., 2006a).
In biaxial tests, the sample is supported on either three balls or a ring
near its periphery and a load is applied on its upper surface through a
piston placed at the centre of the specimen (Thompson, 2004). Due to
loading and boundary conditions, a multiaxial stress state is generated
near the specimen's centre, eliminating undesired edge failures taking
place in uniaxial tests (Hsueh et al., 2006b).
The particle swarm optimization (PSO) is generally a population-
based optimization algorithm based on the hypothesis that social
sharing of information among conspeciﬁcs oﬀers an evolutionary ad-
vantage (Kennedy and Eberhart, 1995). The population of PSO is called
a swarm and each individual in the population of PSO is called a particle,
which adjusts its position in the search space regarding its own social
experience and the social experience of the community (He et al.,
2004a). The PSO algorithm involves in adjusting very few parameters,
which makes it easy to implement. The particle swarm optimization has
been applied to a broad range of engineering problems in the literature
and has shown a faster convergence rate than other evolutionary al-
gorithms (He et al., 2004b; Fourie and Groenwold, 2002; Liu et al.,
2016; Mavrovouniotis et al., 2017; Loja, 2014; Kathiravan and Ganguli,
2007; Mashhadban et al., 2016; Li et al., 2007; Chang et al., 2010; Jun
et al., 2016).
The present study, therefore, aims to develop a particle swarm op-
timizer to identify optimal designs of multi-layered and graded dental
restorations. The methodology consists of two main parts: (i) simulating
thermal residual stresses and the piston-on-ring test analytically; (ii)
developing a particle swarm-based algorithm to optimize the design of
zirconia-based dental ceramics aiming to minimize resultant stresses.
The contribution of the current research work is to develop a procedure
to optimize the design of ceramic dental restoration, which can be
generalized in order for the optimization of any combinations of multi-
layered and graded dental implants. The thickness of each layer and
compositional distribution exponent are referred to as design variables.
The eﬀect of layer numbers constituting the interlayer between two
based materials on graded prosthetic systems is also investigated. A
ﬁnite element model is constructed to verify the developed metho-
dology, although acquired results are compared to those available in
literature. Three diﬀerent optimization cases are considered to de-
termine the optimal design of graded prosthesis by minimizing (a)
TRSs; (b) bending stresses; and (c) both TRS and bending stresses. It is
demonstrated that each layer thickness and composition proﬁle have
important inﬂuences on the stress ﬁeld and magnitude.
2. Mathematical modelling
For the graded material, a stepwise gradation between the two base
materials is considered such that each disc consists of a number of
layers each of which is made of a speciﬁc homogenous material. The
top and bottom layers are monolithic porcelain and zirconia, respec-
tively. The intermediate layers are composed from a mixture of por-
celain and zirconia. In order to calculate mechanical properties of each
intermediate layer, a continuous change in the volume fraction of
porcelain through the thickness is considered. This change is taken into
account by a power law function, as follows:
= ⎛⎝ ⎞⎠V
z
tp
p
(1)
where Vp stands for the volume fraction of porcelain, z is the distance
from the bottom, Fig. 1, and t is the overall thickness. For diﬀerent
values of p, the concentration of zirconia and porcelain through the
thickness varies. The mechanical properties of intermediate layers, i.e.
Young's modulus, Poisson's ratio and thermal expansion coeﬃcient, are
determined using the Voigt's rule of mixtures given by (Moshkelgosha
et al., 2017; Shaﬁee et al., 2014)
= +P P V P Vi z z p p (2)
where Pi is the property of the ith layer, Pz and Pp are the properties
of the zirconia and porcelain, respectively. Vz and Vp are the volume
fractions of zirconia and porcelain composition, respectively. The me-
chanical properties of the base materials are listed in Table 1.
2.1. Thermal residual stress
Considering a disc consisting of several layers, the gradient change
of material through the thickness is taken into account. It is assumed
that materials remain within the elastic region as well as layers remain
bonded over simulation, consequently no slippage between layers takes
place. A uniform temperature is considered throughout the plate and no
stress relaxation is taken into account during the cooling-down process.
The thermal residual stresses through the thickness of the disc can be
calculated using laminate theory (Shaw, 1998; Bouchafa et al., 2010):
= = + −∼ ∼ z Tσ Qε Q ε κ α( Δ )0 (3)
∼Q stands for the matrix of the material stiﬀness and ε is thermal residual
strain vector at location z. while ε0 is the mid-plane strain, κ the vector
of the plate curvature, α the coeﬃcient vector of thermal expansion of
material as a function of location z, and ﬁnally TΔ is the steady-state
temperature variation. A polar coordinate system regarding the disc
geometry is also considered as (r, θ, z). Considering the plate to be
isotropic at each layer, non-zero stress components are σr and σθ. To
compute residual stresses in Eq. (3), the mid-plane strains and curva-
tures of the circular plate can be determined from
Fig. 1. A schematic representation of the piston-on-ring test with a multi-layered circular
disc as the sample.
Table 1
Material properties of Zirconia and porcelain (25 °C).
Zirconia Porcelain
E (GPa) 210 (200a) 70
υ 0.3 0.26
α (K−1) 10.17e−6 (10.86a) 9.05e−6 (9.40a)
a The average value obtained within the range of temperature variation during the
cooling down process (Becker et al., 2000).
E. Askari et al. Journal of the Mechanical Behavior of Biomedical Materials 77 (2018) 461–469
462
⎡
⎣⎢
⎤
⎦⎥
= ⎡
⎣⎢
⎤
⎦⎥
⎡
⎣⎢
⎤
⎦⎥
N
M
A B
B D
ε
κ
T
T
0
(4)
where NT andMT are the normal force and moment resulting from the
internal stress distribution that can be deﬁned as follows:
∫ ∫= =− −dz zdzN σ M σ,T hh T T hh T22 22 (5)
in which σT is given by∼ TQαΔ . Matrix components in Eq. (4) are also the
stiﬀness matrices of the plate, which are given by
∫ ∫ ∫= = =∼ ∼ ∼− − −dz zdz z dzA Q B Q D Q; ;hh hh hh22 22 22 2 (6)
2.2. The piston-on-ring test
The piston-on-ring test consists of a disc supported by a rigid ring at
the inferior face. Through a piston, a perpendicular force P is applied on
the top of the disc, as shown in Fig. 1. It results in tensile stresses within
the zirconia layer at the bottom of the disc. In addition, a biaxial mo-
ment throughout the disc thickness is generated due to the applied
force. The disc is of a radius R, while the supporting ring has a radius a,
and the loading piston placed at the centre of the disc has a radius c. In
the present study, the stepwise graded discs are divided into several
bonded layers each of which has a diﬀerent composition and, therefore,
diﬀerent properties. The disc consists of n layers of individual thickness
ti, where i is the layer number. Layer 1 (zirconia) is located at the
bottom of the disc, and layer n (porcelain) is at the top. The interface
between the ith and (i+1)th layers is located at z = hi. The bottom of
the disc was located at z = h0 = 0 and the top at z = hn.
2.2.1. An analytical model to determine bending stresses
The standard “ISO 6872” allows to calculate the biaxial ﬂexure
strength only for mono-layered discs. However, an analytical solution
was proposed by Hsueh et al. (2006a, 2006b); Huang and Hsueh (2011)
to calculate the stress distribution in multilayered discs. Hsueh et al.
formula was derived based on the ISO 6872 formulae and presented
good accuracy compared with numerically simulated models for tri-
layered systems (Hsueh et al., 2006a). The stress due to bending mo-
ment in a multilayer disc is given by:
= −− +σ
E z z M
υ υ D
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i
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where Ei and υi are Young's modulus and Poisson's ratio of the ith layer,
respectively. M is the biaxial bending moment per unit length, z* the
position of the neutral plane, D* the ﬂexural rigidity, and ﬁnally υave is
average Poisson's ratio. Ei and υi are calculated by Eq. (2), and other
variables are computed as follows:
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R, a and c are geometrical variables, as are indicated in Fig. 1. For n=
1 (only one layer), Hsueh et al. formula can be reduced to the ISO 6872
mono-layered disc formula. Therefore, the formula can be used to evaluate
the stress moment for both mono-layered and multi-layered discs.
2.3. Optimization problem
The goal of this study is to obtain the optimal thickness and com-
positional distribution of functionally graded dental restorations,
minimizing TRSs and bending stresses (BSs) within the FG discs. Design
variables are the thicknesses of individual layers and compositional
distribution. Mathematically, the above optimization problems can be
formulated as follows:
⎧
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≤ ≤
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where = +f Max TRS BSX( ) ( ) is the objective function. The vector of
variables X stands for the set of design variables, while ti is the thickness
of ith layer and p is the power exponent controlling the shape of com-
position gradient. The values til and tiu are the lower and upper bounds
of the thickness of ith layer, while pl and pu are the lower and upper
bounds of the power (p), respectively, as listed in Table 2.
2.3.1. Particle swarm optimization algorithm
The particle swarm optimization is based on the hypothesis that
social sharing of information among conspeciﬁcs oﬀers an evolutionary
advantage (Kennedy and Eberhart, 1995). The PSO is a population-
based optimization algorithm. The population of PSO is called a swarm
and each individual in the population of PSO is called a particle. The ith
particle at an iteration k has the following two attributes:
(1) A current position in an N-dimensional search space
= … …x x xX ( , , , )ik k nk Nk1 , in which ≤ ≤x l u n N lϵ[ , ],1 ,nk n n n and un are
lower and upper bounds for the nth dimension, respectively.
(2) A current velocity = … …v v vV V, ( , , , , )ik ik k nk Nk1 , which is bounded by a
maximum velocity = … …v v vv ( , , , , )maxk maxk max nk max Nk,1 , , and a
minimum velocity = … …v v vv ( , , , , ).mink mink min nk min Nk,1 , ,
In each iteration of the PSO, the swarm is updated by the following
governing equations (Kennedy and Eberhart, 1995):
= + − + −+ ω c r c rV V P X P X( ) ( )ik ik bk ik gk ik1 1 1 2 2 (13)
= ++ +X X Vik ik ik1 1 (14)
where Pb is the best previous position of the ith particle, also known as
pbest, and Pg is the best global position (gbest) among all the particles
in the swarm. Pb and Pg are given by the following equations, respec-
tively:
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in which f is the objective function, m<M where M is the total number
of particles, r1 and r2 are elements from two uniform random sequences
in the range of (0,1), and ω is an inertia weight (Shi and Eberhart,
1997), which is typically initialized in the range of [0,1]. A larger in-
ertia weight facilitates global exploration, while a smaller inertia
weight tends to facilitate local exploration to ﬁne-tune the current
search area (Eberhart and Shi, 2001). The variable c1 and c2 are
Table 2
Values of the variable limits.
Limits of the thickness of ith layer (mm) Limits of the compositional distribution
til ti
u pl pu
0.05 1.60 0.01 10
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acceleration constants, which control how far a particle will move in a
single iteration. The acceleration constants c1 and c2 indicate the sto-
chastic acceleration terms which pull each particle towards the best
position attained by the particle or the best position attained by the
swarm. Low values of c1 and c2 allow the particles to wander far away
from the optimum regions before being tugged back, while the high
values pull the particles toward the optimum or make the particles to
pass through the optimum abruptly. In the present study, c1 = 2 and
c2 = 2 are chosen.
The role of the inertia weight ω is considered important for the
convergence behavior of the PSO algorithm. The inertia weight is em-
ployed to control the impact of the previous history of velocities on the
current velocity. Thus, the parameter ω regulates the trade-oﬀ between
the global (wide ranging) and the local (nearby) exploration abilities of
the swarm. A proper value for the inertia weight ω provides balance
between the global and local exploration ability of the swarm, and thus
results in better solutions. Numerical tests imply that it is preferable to
initially set the inertia to a large value, to promote global exploration of
the search space, and gradually decrease it to obtain reﬁned solutions
(Kennedy and Eberhart, 1995). Thus, a dynamic variation of inertia
weight proposed in Fourie and Groenwold (2002) is used in this paper.
The inertia weight ω is decreased dynamically based on a fraction
multiplier kω as is shown below
=+ω k ωk ω k1 (17)
2.4. Finite element method
Finite element method is employed to determine thermal residual
stresses distributed within the disc due to cooling process and use the
associated stress state as initial condition for the biaxial test modelling.
ANSYS Workbench (version 16.2) as a commercial software is used to
carry out the simulation. As the problem is axisymmetric, a 2-D FE
axisymmetric model is constructed. At the beginning of the simulation,
the disc is assumed to be at the processing temperature, cooling down
to the ambient temperature. In the simulation, the ring is fully con-
strained, supporting the disc, and a constant force is applied at the
superior surface of the piston to transfer a uniform force to the disc. The
supporting ring was ﬁxed and the piston can move just in the vertical
axis, z. As a simpliﬁcation, it is considered that layers remain bonded
over the simulation. The structure is discretized into elements with very
ﬁne meshes to guarantee accuracy of results. The mesh reﬁnement is
applied to elements near to the contact area between the piston and disc
to avoid singularities in the stress distribution. Moreover, ﬁner meshes
are used along the interfaces to enhance the accuracy of composition
gradient in samples. It is worth mentioning that ﬁnite element analyses
are just performed for optimal designs obtained by the PSO model.
2.5. A brief discussion on fabrication of functionally-graded ceramics
The optimization model developed in the present study provides
an optimal functionally-graded ceramic dental restoration, mini-
mizing tensile stresses through the structure. What the model gives a
user as outputs are (i) an optimal compositional exponent from
which porcelain/zirconia volume fraction can be evaluated for each
layer; (ii) an optimal number of layers constituting the structure; and
(iii) an optimal thickness of each layer. Two main steps of FGCs
fabrication are gradation and consolidation (Besisa and Ewais, 2016;
Naebe and Shirvanimoghaddam, 2016). The former is the building of
the spatially inhomogeneous graded structure and the consolidation
is to transfer this graded structure into the bulk material. The gra-
dation process is commonly categorized as constitutive, homo-
genizing and segregating processes (Besisa and Ewais, 2016). The
gradation process of a FGC dental restoration is made by mixing
diﬀerent volume fractions of the porcelain and zirconia components.
Therefore, a mixture of powder materials for each layer of the
corresponding optimal design is prepared. Stacking layer by layer is
the easiest method for obtaining a compact (Zhang et al., 2010; Chai
et al., 2014; Tsukada et al., 2014). The powder for the ﬁrst layer is
inserted into the die and pressed by punch lightly. Sequentially, the
next layer is stacked until the last layer (Tsukada et al., 2014;
Villefort et al., 2017). Multiple techniques have been introduced for
powder preparation, such as chemical reaction, electrolytic deposi-
tion, grinding and comminution, which oﬀer a controllable size
range of the ﬁnal grain population. Moreover, some challenges in-
volved in stacking process include warping, crack initiation and
propagation and frustum formation. Lamination can take place in
ﬁnal products owing to unpredictable distribution of particles
(Besisa and Ewais, 2016; Naebe and Shirvanimoghaddam, 2016). In
the subsequent processes, the consolidation can be performed by a
variety of production methods, such as (1) powder sintering as the
main mechanism of powder consolidation in a solid component; (2)
hot pressing under temperature and pressure, simultaneously, with
induction heating; (3) cold pressing by a cold pressing followed by
sintering; (4) spark plasma sintering by charging the intervals be-
tween powder particles with electrical energy (Besisa and Ewais,
2016; Naebe and Shirvanimoghaddam, 2016; Zhang et al., 2010;
Chai et al., 2014; Tsukada et al., 2014; Villefort et al., 2017). Most of
these methods are based on variations of conventional processing
methods being already well-stablished. It is interesting to note that
the model developed in the present study and available fabrication
processes can also be employed to optimize designs of functionally-
graded coatings to improve the tribology performance of ceramic-on-
ceramic hip implants to decrease wear and to eliminate hip
squeaking (Askari et al., 2016, 2015).
2.6. Example analysis
As demonstrative examples of application, the numerical method is
implemented to a 3 mm layered disc with a radius of 4 mm, modeled
with three main layers, which mimics the three components of a dental
restoration: the framework, the veneer and the interlayer with inter-
mediate properties. The disc is subjected to a cooling simulating man-
ufacturing process of dental restorations, that is, the disc is cooled from
550 °C to 20 °C. The thickness of specimen is assumed to be 3 mm of
which the zirconia layer, bottom layer, and the top layer, porcelain, are
0.7 mm and the whole interlayer has 1.6 mm thickness.
The equations and optimization problem introduced in the Section 2
are resolved using the above PSO algorithm. For all optimization pro-
blems, a population of 70 particles is used, while the maximum number
of iterations is limited to 500 iterations. The stopping criterion can be
deﬁned based on the number of iterations without updating in the best
values of the swarm or the number of iteration the algorithm execute.
Although the latter is not a real physical stopping criterion, it is quite
easy in programming implementation and hence widely used in the PSO
algorithms.
Three diﬀerent cases are considered optimizing the design of dental
restorations by minimizing (a) TRSs; (b) bending stresses due to the
piston-on-ring tests; and (c) both TRSs and bending stresses. Moreover,
diﬀerent numbers of layers constituting the interlayer are studied. The
numerical analyses focus on design variables, thicknesses of the layers
of the interlayer and the composition proﬁle. In addition, the con-
vergence study of the PSO algorithm and the validation of the methods
developed within the present study against available literature and a
ﬁnite element model are presented. Moreover, a user-friendly applica-
tion is written enabling to optimize graded restorations with diﬀerent
sizes, material properties, manufacturing process, layers number, etc.,
as is depicted in Fig. 2 to just represent how the application works. It is
worth stating that TB as the processor is an abbreviation of “TRS” and
“Bending stress”.
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3. Results and discussion
3.1. Minimizing the TRSs by controlling the design variables
For the graded material, a stepwise gradation between the two base
materials is considered such that each the interlayer is consisted of a
number of layers each of which is made of a speciﬁc homogenous
material regarding the Voigt's rule of mixtures. The maximum thermal
residual stress for a sharp transition from the zirconia to porcelain layer
is computed, which is 50.71 MPa. Moreover, the optimization proce-
dure is employed targeting to minimize thermal residual stresses.
Optimal designs of multi-layered disc with diﬀerent layer numbers are
listed in Table 3. As can be seen, the prosthesis design with 6 layers
obtains the minimum stress among others, from which it can be con-
cluded that the best design is not necessarily the one with too many
Fig. 2. A user-friendly application, developed within the present study, to do optimization. An example is also represented to clarify the app capability.
Table 3
Optimal outcomes of the design variables for the disc subjected to thermal stresses.
No. of layers Design variables Max stress
n t2 t3 t4 t5 t6 t7 t8 t9 p σM (MPa)
3 1.6 1.17 29.58
4 0.545 1.055 1.51 20.93
5 0.756 0.773 0.071 0.98 20.26
6 0.093 0.765 0.693 0.050 1.31 20.12
7 0.050 0.073 0.699 0.653 0.125 1.66 20.66
8 0.052 0.221 0.728 0.331 0.205 0.063 1.20 21.08
9 0.062 0.365 0.386 0.341 0.321 0.056 0.069 1.01 21.68
10 0.131 0.356 0.397 0.308 0.237 0.057 0.051 0.062 0.85 21.68
Table 4
Corresponding Young's Modulus of each layer presented in Table 3 for the disc subjected
to thermal stresses.
No. of layers Young's modulus (GPa)
n t2 t3 t4 t5 t6 t7 t8 t9
3 148
4 183 134
5 174 139 104
6 193 168 138 105
7 203 187 166 138 106
8 196 179 159 138 116 94
9 193 175 158 140 123 105 88
10 188 171 155 140 125 111 97 83
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inter-layers. An increase in resulting maximum stresses is observed as
the number of layers exceeds six. It is worth noting that the maximum
stress reported for the case with a sharp transition is 2.5 times greater
than the design with 6 layers. Table 4 lists Young's modulus of inter-
mediate layers associated with corresponding optimized designs. These
information provide a useful database to facilitate the process of deci-
sion making to design a prosthesis which fulﬁls associated requirements
in terms of application and manufacturing.
As discussed previously in the introduction, the mismatch of me-
chanical properties between multi-material prostheses can lead to un-
desired stress ﬁelds along interfaces. Fig. 3 indicates the distribution of
TRS along the central axis of a number of optimal designs listed in
Table 3 including the best design. Sharp stress transition along inter-
faces due to mismatch in mechanical properties are observable. These
undesired stress variation can contribute to crack formation and pro-
pagation, etc. The minimum mismatch stress occurs in the case of the
best design with six layers, which is 25 MPa, while it is 57 in the case of
design with three layers. It can be concluded that the best design also
fulﬁls the requirement for having less mismatch stress along interfaces.
The convergence rate of the optimization procedure is also studied
and shown in Fig. 4. The thickness of an intermediate layer converges to
a constant value just before 100 iteration, while the convergence study
for all numerical analyses illustrates the convergence occurs in less than
200 iteration showing the PSO is a fast optimizer. A ﬁnite element model
is also constructed and the maximum stress and stress distribution pro-
ﬁles corresponding the optimal design with six layers are obtained. The
results acquired from the present model align with those from FEA.
Results obtained from the developed method are also compared to
the problem resolved by Xu et al. (2012), where a PSO algorithm was
developed to minimize the TRSs in C/SiC graded coating of C/C com-
posites. Furthermore, the comparison indicates a very good consistent
between the outcomes, presented in Table 5. The maximum thermal
residual stress acquired by the present study for the case with the
compositional exponent of 0.0739 is 188 MPa, which shows 7.5% dis-
crepancy with the original study by Xu et al.
3.1.1. Minimizing thermal residual stresses within the veneer
One major reason behind introduction of FGMs is to mitigate crack
formation in the more brittle layers by lowering the overall internal
stress levels developed during fabrication. Porcelain fused to zirconia
(PFZ) restorations suﬀers from the susceptibility of porcelain to pre-
mature fracture (Chai et al., 2014; Choi et al., 2011; Sailer et al., 2009;
Sax et al., 2011; Tan et al., 2004). The failure of PFZ restorations often
involves crack initiation during the ﬁring the porcelain onto zirconia
and its growth in the porcelain, which can increase probability of
chipping and delamination of the porcelain layer (Chai et al., 2014).
One of the main reasons of high fracture rates observed in PFZ is de-
leterious tensile residual stresses (Baldassarri et al., 2012; Hermann
et al., 2006; Mainjot et al., 2012; Meira et al., 2013; Swain, 2009). In
addition, when a crack growing reaches the interface between the ve-
neer and zirconia, it reﬂects into the porcelain layer as the zirconia core
is stiﬀer and tougher or grows along the weak interface (Coelho et al.,
2009; Wang et al., 2013). Therefore, there are two challenges to deal
with: (1) proper engineering of the interface; (2) lowering thermal re-
sidual stresses in porcelain layer. The developed PSO model is adjusted
to minimize thermal residual stresses generated in the porcelain layer
during fabrication. Moreover, the optimal FG structure leads to vary
material properties from the core to the veneer smoothly. Therefore, the
layer that places just below the veneer is not as stiﬀ as the zirconia.
Consequently, the crack may penetrate into the next layer underneath
the veneer and ﬁnally eﬀectively hold oﬀ the crack. With deﬁning an
objective function to minimize tensile residual stresses in the veneer,
optimal designs of functionally-graded PFZ restorations consisting of
diﬀerent numbers of layers are obtained and listed in Table 6. σ1 re-
presents the resultant stress along the bottom surface of the veneer
layer while σ2 is tensile stress at its top surface. The maximummismatch
stress (σmis) takes place along the interface constituted by the core and
the second layer. The FGC design with three layers reveals the
Fig. 3. The distribution of thermal residual stress along the central axis for four ﬁrst
optimal designs presented in Table 3. Maximum mismatch stresses of these optimal de-
signs are: (1) n = 3, 56.8 MPa; (2) n = 4, 40.7 MPa; (3) n = 5, 36.5 MPa; (4) n = 6,
24.8 MPa.
Fig. 4. Convergence rate of the optimization procedure.
Table 5
Comparison optimal results of the design variables with those obtained by Xu et al.
(2012).
Layer
number
Present study Xu et al.
p = 0.0739 p = 0.5 p = 1 p = 0.0739 p = 0.5 p = 1
t1 0.0099 0.0099 0.0099 0.0106 0.0099 0.0100
t2 0.0999 0.0099 0.0099 0.0995 0.0100 0.0100
t3 0.0999 0.0099 0.0099 0.0997 0.0100 0.0100
t4 0.0999 0.0099 0.0099 0.0999 0.0099 0.0100
t5 0.1000 0.0099 0.0099 0.0999 0.0100 0.0100
t6 0.0999 0.0099 0.0099 0.0999 0.0099 0.0100
t7 0.0999 0.0099 0.0099 0.0999 0.0100 0.0100
t8 0.0999 0.0099 0.0099 0.0998 0.0099 0.0100
t9 0.0999 0.0099 0.0099 0.0999 0.0100 0.0100
t10 0.1000 0.0099 0.0099 0.0999 0.0100 0.0100
t11 0.0999 0.0099 0.0099 0.0999 0.0100 0.0100
t12 0.0999 0.1000 0.0099 0.0999 0.0999 0.0099
t13 0.0999 0.1000 0.0099 0.0999 0.0999 0.0100
t14 0.0999 0.1000 0.0099 0.0999 0.0999 0.0100
t15 0.0965 0.1000 0.0099 0.0872 0.0999 0.0100
t16 0.0934 0.1000 0.1000 0.0872 0.0999 0.0999
t17 0.0982 0.1000 0.1000 0.0988 0.0999 0.0999
t18 0.0988 0.1000 0.1000 0.0993 0.0999 0.0999
t19 0.0999 0.1000 0.1000 0.0999 0.0999 0.0999
t20 0.0996 0.1000 0.1000 0.0996 0.0999 0.0999
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minimum tensile residual stress and the corresponding compositional
exponent is 0.68. However, this optimal design shows the highest
mismatch stress, 72.67 MPa, which is considered a drawback. If one
looks at obtained outcomes, the lowest mismatch stress belongs to the
design with eight layers, 30.36 MPa, where the porcelain tensile stress
shows a value of 7.19 MPa and compositional exponent is 0.83. More-
over, the lowest mismatch stress takes place along the interface at-
tached to the veneer for all those optimal designs listed in Table 6. The
developed optimization model, therefore, allows for an optimal design
in order for lowering thermal residual stresses in more brittle layers of
PFZ restorations. It is worth noting that desired thicknesses of the zir-
conia and porcelain layers can be amended based upon design criteria
before optimizing design variables of the functionally graded structure.
3.2. Minimizing bending stresses due to the piston-on-ring test
In this section, the geometry and loading conditions are considered
identical with the reference by Fabris et al. (2016), to validate the
developed model and to prove the capability of the optimization to
minimize stresses by controlling design variables. The bottom and top
layers of this case study have 0.2 mm thickness and the overall size of
the intermediate layers is 1.6 mm. For each compositional distribution
exponent listed in the Table 7, corresponding thicknesses and me-
chanical properties of each layer is estimated by Eq. (2). The optimal
Table 6
Obtained design variables to minimize thermal residual stresses within the porcelain layer.
No. of layers Design variables Stress (MPa)
n t2 t3 t4 t5 t6 t7 t8 t9 P σ1 σ2 σmis
3 1.6 0.68 −7.98 6.47 72.67
4 1.39 0.21 0.54 −8.15 6.68 67.40
5 0.73 0.78 0.09 0.62 −8.23 7.08 56.23
6 0.13 0.87 0.55 0.05 0.75 −8.33 6.93 43.18
7 0.16 0.57 0.63 0.15 0.09 0.72 −8.31 7.19 40.15
8 0.06 0.31 0.46 0.57 0.13 0.07 0.83 −8.33 7.25 30.36
9 0.06 0.36 0.42 0.50 0.16 0.05 0.05 0.71 −8.46 7.02 34.42
10 0.05 0.29 0.55 0.39 0.15 0.05 0.07 0.05 0.64 −8.38 7.08 36.34
Table 7
A comparison of the optimal design with six design cases reported in Fabris et al. (2016).
Design variables Maximum stress
n t2 t3 t4 t5 t6 p σM (MPa)
Case 1 0.002 0.038 0.166 0.448 0.944 0.25 697.0
Case 2 0.064 0.192 0.320 0.448 0.576 0.5 651.4
Case 3 0.320 0.320 0.320 0.320 0.320 1 617.1
Case 4 0.715 0.296 0.227 0.192 0.169 2 599.4
Case 5 1.070 0.202 0.135 0.105 0.087 4 580.4
Case 6 1.310 0.119 0.74 0.055 0.044 8 557.8
Optimal design 0.704 0.746 0.050 0.050 0.050 8 504.7
Table 8
Optimal outcomes of the design variables for the disc subjected to thermal stresses and biaxial ﬂexure test.
No. of layers Design variables Maximum stress
n t2 t3 t4 t5 t6 t7 t8 t9 p σM (MPa)
3 1.6 10 87.89
4 1.052 0.548 4.15 86.04
5 1.004 0.050 0.561 3.46 83.88
6 0.964 0.050 0.050 0.536 3.29 82.79
7 0.787 0.186 0.055 0.064 0.508 3.35 82.35
8 0.776 0.154 0.052 0.062 0.054 0.502 3.33 82.05
9 0.708 0.146 0.094 0.051 0.053 0.056 0.493 3.45 81.93
10 0.384 0.417 0.050 0.099 0.050 0.050 0.061 0.489 4.00 81.95
Fig. 5. Stress distribution due to thermal residual stresses and the piston-on-ring test
along the central axis for four cases: (1) sharp transition with 0.7 mm Zr layer; (2) sharp
transition with 1.5 mm Zr layer; (3) optimal design with three layers; (4) optimal design
with 9 layers. Corresponding mismatch stresses are: (1) 121 MPa; (2) 67.7 MPa; (3)
22.87 MPa; (4) 17.02 MPa.
Table 9
Corresponding Young's Modulus of each layer presented in Table 6 for the disc subjected
to both thermal stresses and the piston-on-ring test.
No. of
layers
Young's modulus (GPa)
n t2 t3 t4 t5 t6 t7 t8 t9
3 209.86
4 208.53 183.98
5 208.84 197.28 158.26
6 209.30 203.13 183.92 142.81
7 209.65 206.47 196.27 174.01 133.99
8 209.79 207.84 201.67 188.28 164.34 126.21
9 209.89 208.83 205.25 197.19 182.34 158.11 121.68
10 209.98 209.66 208.27 204.54 196.66 182.35 158.77 122.60
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design of this specimen is also examined by the developed optimizer
and consequent designs are listed in the last raw of the table. The
outcomes associated with the optimal design can be compared to six
design cases reported in Fabris et al. (2016). As it can be seen, the
maximum tensile stress decreases greater than 38% compared to the
case 1 and it is less than 10% compared to the case 6 which is the best
design suggested by Fabris et al. (2016). The optimization algorithm
suggests that the layers near to the bottom should have greater thick-
nesses and more composition exponent, that is, the corresponding
material properties are more close to the zirconia. The maximum
stresses obtained by the present model for six cases listed in Table 5
align well with those reported by Fabris et al.
3.3. Minimization of both TRS and biaxial bending stress
The disc is cooled from 550 °C to 20 °C and the thermal residual
stresses are computed and used as initial conditions in the piston-on-
ring test to acquire the tensile stresses within the graded dental pros-
theses. The maximum tensile stress for a sharp transition from the zir-
conia to porcelain layer is obtained being 131.27 MPa, where the
bottom layer has a thickness of 0.7 mm, while the thickness of the
porcelain layer is 2.3 mm. Moreover, optimal designs of multi-layered
disc with diﬀerent layer numbers are listed in Table 8. As it can be seen,
up to nine layers, the greater the number of interlayers of which the
disc is consisted is, the less maximum thermal residual stresses ob-
tained. The maximum stress reported for the case with a sharp transi-
tion is 1.60 times greater than the design with 9 inter-layers. The
maximum decrease occurs as one layer is added as interlayer, but the
mechanical property of this added layer is very close to the zirconia
according to p= 10. Table 8 also lists Young's modulus of intermediate
layers associated with corresponding optimized designs listed in
Table 8.
Fig. 5 depicts stress distribution along the central axis of the graded
disc due to both thermal residual stresses and the piston-on-ring test.
Two diﬀerent sharp transitions are studied one of which has 0.7 mm
thickness of zirconia layer and another 1.5 mm. moreover, taking a look
at Table 9, the optimal design with three layers is very similar to have a
sharp transition with zirconia thickness of 2.3 mm. Increasing the
thickness of zirconia layer causes resulting stresses and mismatch
stresses to decrease considerably. However, the point is how thin the
porcelain layer can be to prevent failure and veneer chipping. Gen-
erally, the least maximum stress belongs to the optimized design with
nine layers. Moreover, the maximum mismatch stress occurs in this case
is 17 MPa, while it is 23 MPa for the case 3, as shown in Fig. 5. The
information obtained and discussed can be very helpful to be taken into
account for designing the best prosthesis in terms of both manu-
facturing limitations and application-based standards.
The convergence rate of the optimization procedure is also studied
and shown in Fig. 6. The thickness of an intermediate layer con-
vergences to a constant amount, while the convergence study for all
cases studied illustrates the convergence occurs after 250 iteration,
which shows the PSO is a fast procedure. The maximum stresses and
stress distribution proﬁles corresponding the optimal designs are com-
pared to the ﬁnite element model constructed in the present study and a
very good agreement has been observed with a maximum discrepancy
of 7%.
4. Conclusion
A particle swarm optimization algorithm was developed to identify
optimal designs of zirconia-based dental restorations to minimize re-
sulting stresses due to cooling down from the processing temperature
and the piston-on-ring test. An analytical model based on laminate
theory was used to estimate the TRS in graded dental prosthesis and the
Hsueh's model was employed to predict bending stresses in graded
zirconia systems. The developed analytical models were embedded in
an optimization procedure based on the particle swarm algorithm to
reduce stresses in graded dental restorations by designing the thick-
nesses and compositional distribution of the prosthesis. The model was
validated comparing acquired results with those available in literature
and obtained from a ﬁnite element analysis. Moreover, the convergence
study showed the PSO is a very fast optimization procedure.
Results obtained from the developed optimization model can be
very helpful for decision-making process to design the best graded
prosthesis fulﬁlling criteria associated with manufacturing and bio-ap-
plication. Moreover, the model can be extended to take into account
more realistic geometries of implant, surrounding bones, occlusal loads
and etc. by employing CAD models and ﬁnite element method coupled
with a PSO algorithm. The optimized designs for diﬀerent scenarios
were obtained where both minimum stresses and mismatch stresses
took place. Optimization outcomes also illustrated that design variables
signiﬁcantly inﬂuenced resulting stress ﬁelds and magnitudes.
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